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INTRODUCTION

ANGLE

Consider a revolving line OP. Suppose that it revoloves
in anticlockwise direction stating from its initial
position OX,

The angle is defined as the amount of revolution that the 0
revolving line makes with with its initial position. O »X

From fig. the angle covered by the revolving line OP is
given by 6 = ZPOX

The angle is positive, if it is traced by the revolving line in anticlockwise direction
and is negative, if it is covered in clockwise direction

1 right angle = 90° (degrees)

1° = 60° (minutes)

1" = 60° (second)

In circular system I right angle = g rad (radian)

One radian is the angle substended at the centre of a cirlce by an arc of the circle, whose
length is equal to the radius of the circle.

1 rad = 180° / m = 57° 17 45 =~ 54.3°
TRIGONOMETRIAL RATIOS (OR T RATIOS) :

Consider the two fixed line XOX' and YOY' intersecting at right angles to each
other at point O as shown in figure then.

AIY P
i
i
i
) I T
X’ 0 M X
vY

1. Point O is called origin.
2. XOX' and YOY' are known are X-axis and Y-axis respectively

3. Portions XOY, YOX’, X'OY' and Y'OX are called I, II, IIl and IV quadrant
respectively.

Consider that the revolving line OP has traced out angle 0 (in I quadrant) in
anticlockwise direction.

From P, drop PM perpendicular to OX. Then, side OP (in front of right angle) is
called hypotenuse, side MP (in front of angle 0) is called opposite side or
perpendicular and side OM (making angle 6 with hypotenuse) is called adjacent
side or base.
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The three sides of a right angle triangle are connected to reach other through
six different ratios, called trigonometric ratios or simply T - ratios. These are

defined as bleow :

perpendicular _MP

1. Sin 0 = hypotenuse OoP (read as sine of angle 6)
base OM
2. Cos 0= hypotenuse ~opP (read as cosine of angle 6)
perpendicular MP
3. Tan 6 = base = OM (read an tangent of angle 0)
base OM
4. Cot0 = perpendicular ~MP (read as cotangent of angle 0)
hypotenuse OP
S. SecH= = (read as secant of angle 6)

base OM

hypotenuse OP
6. Cosec 0 = perpendicular = MP (read as consecant of angle 0)

It can be easily proved that :

1
cos 0

1. (a) cosecO= (b) sec 0 = (c) cot 6 =

sin©

2. (a) sin’0+cos’6=1 (b) l+tan’6=sec’® (c) 1+ cot® 8 = cosec’0

TRIGONOMETRIC IDENTITIES :

sin’g + cos?g= 1; tan’g = sec?p-1;
cot’g = cosec’g —1
sin(A + B) = sinA cosB * cosA sinB

cos(A = B) = cosA cosB F sinA sinB

tan(A + B) = tan + tan B
an(A £ B) = 1F tanA tanB
sin2A = 2sinA cosA
cos2A = cos?A - sin’A

= 1 - 2sin?A

=2 cos’A -1
cos?A = 1+cos2A

2
. 1—-cos2A

sin?A = T

2sinA cosB = sin(A + B) + sin(A - B)
2cosA cosB = cos(A + B) + cos(A - B)
2 sinA sinB = cos(A — B) — cos(A + B)

If sing = x, then 9 = sin’}(x)
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If tang = x, then ¢ = tan!(x)
-l<sing <1 always

—-1<cosp <1 always

- <tan@ < o always
-1>cosecO>1 always
-1>sec6>1 always

- <cotg < oo always

QUADRATIC EQUATION

ax? + bx + ¢ = 0 is a quadratic equation in x

+
X =7b_\/6,whereD=\/b274ac

2a

(a,b)
where a, b are two roots of equation

b c
a+b=-—; ab= —
a a

if D < O, no real roots
if D = O, one real root (equal roots)

if D > 0, 2 real roots
LOGARITHMS
logx — In x

log x + logy = log xy

X

log x —logy = loga§
log x™ = m log x
log. b

log. a

log b =

where c is any +ve no.

log b = log a
CO-ORDINATE GEOMETRY

Slope of a line (m)

= tan of  made with +ve x axis = tang

I X

Slope (m)=tang Slope m=—tan g
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Yo Yi_YiTYo
X,—X, X,—X, y
St. Line has constant slope y//
Slope of a curve means slope of >
tangent at that point (slope at P = tang) //
Area of trapezium /\/ 0
= %(sum of parallel side) x altitude X
PROGRESSIONS
a,a+td,a+2d,a+ 3d....is an AP
n® term ofan AP=a + (n-1) xd
Where a is first term d is common difference
Sum of n terms of AP
S =a+2n-1)xd
a, ar, ar?, ard, ..... is a GP
n(n+1)
1+2+3+..... =
2
a
atar+ar?l+ard+ ... o = 1t (if r <1)
Some Basic informations
OD is perpendicular drawn on AB from point O.
= sing
AO 2
AD = rsing
2
.9
Chord AB = 2r sin 5
Sum of interior £S of a polygon of n sides = (n—-2) 180°
Sum of exterior £S of a polygon of (n sides) = 360°
. ) 360°
Exterior « of a regular polygon of n sides =
CHECK YOUR GRASP
IS" Find the value of
(i) sin 30° + cos 60° (ii) sin 0° - cos O° (iii) tan 45° — tan 37°
(iv) sin 150° (v) cos 120° (vi) tan 135°
(vii) cos 300° (viii) sin (- 30°)
(ix) cos (- 60°) (x) tan (- 45°)
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I Find the value of
(i) 3+6+12+ ....+60
(ii) 2+4+8+16+32 + ...... + 512
1 1 1

(iii) §+Z+§+""w

EVALUATE YOUR SELF

1. Bottom end of a ladder leaning against a wall is 3 m away from the foot of the
wall as shown in figure, length of the ladder is:

Ground

(1) 8 m (2) Sm (3) 4m (4) 6 m
2. Select incorrect alternative

: 3 : 4 4 J3
sin37° = — sin53° = — tan37° = — 30°=—
(1 - (2) - @ 3 (4) cos30°==
3. As x increases from ¢ to g, the value of sin x:
(1) increases (2) decreases
(3) remains constant (4) first increases then decreases
4. The value of (sin 180° + cos 90°)* is :
(1) 4 (2) 2 3) 1 (4) 0

5. The length of a string between a kite and a point on the ground is 55 m. If the
string makes an angle of 53° from level ground and there is no slack in the
string, then the height of the kite is:

(1) 55 m (2) 44 m (3) 33m (4) 11 m
6. A circle of radius 10 units is shown in figure. The coordinates
of point P is:

(1) (6, 8) (2) (8, 6) x
/

(3) (10, 10) (4) can’t be
determined

4] —

7. A schematic diagram of a pedestraian overpass = _+svees
is shown in figure. If you walk on the overpass ’
from point a to point B, how far have you

1
|
i
|
]
]

i
SRR REEN T ) 3 N R R

walked? The Maximum height of the overpass

is 12 m.

(1) 60 m (2) 44 m (3) 64m (4) 100 m
ANSWER

1. (2) 2. (3) 3. (1) 4. (4) 5. (2)

6. (1) 7. (2)
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GRAPHS
1. Straight lines [linear equations]
y y y
\3y+4x =12 /
y=2x+3
(0,4) ©,3)
G0 / ) )
O \ 30O 0| /(3/2, 0)
0)
A 2 B (0,-3) y=2x—-3
slope =2 slope =2 slope = 2
y y
y = kx
(k>0) y =—kx
X
4 0 k>0)
slope = k slope =— k
l |
Vv
2. Parabolas
y , y y
X _ky Xzz_ky /yz:kx
\%W) k>0 (k>0)
X \ X \
y y
y = —kx = ax + bx
y =ax + bx
\ (k>0) >0,b>0
X / X \ @>0. X )
y y y
y = ax — bx’ y=—ax + bx’ y =—ax — bx’
/
X X X
(a>0 \ / (a>0
b>0) (@a>0 b>0)
b>0)
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y xX’=ky-c y
\\\\ l “ss~- [ kX + c
“\ C/k' X = \‘
’~~~ ,+* X ‘:
O"” C
> > R
(k >0, c>0) P >0.c0)
y =—-kx
. . m 1
3. Circles 4. Inverse relation Yy OCF
y
y y (m > 09 n> 0)
Chy ]
0.0} (o B)
r r r r
Xyl =r (x—) +(y—By=r )
(standard circle) general circle
X2 y2
5. Elli — +==1
ipse SRR
y
B
A
TN
Olv X
A’Q 5 a——p»/A
BV
B'B — minor axis OA — semi major axis
OB — semi minor axis A'A — major axis
6. Other Graphs (a) y? = 4x

2

y

y

Vx
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7. Trignometric:

(a) y=Asinx (b) y=—Asinx

t 7y v t t X
/2 \37/2) 2n T W
Y TR, S — A bl Nl

y
(e) y=Asin(x +¢) 4 ) y=Asin(x—¢)

CHECK YOUR GRASP

15" Whatis the locus of path represented by y = 2x + 3?
IZ" Find the slope of line represented by equation 2x — 3y = 4?

EVALUATE YOURSELF - 2

Draw the following graphs [a v/s b means a —» y —axis, b - x —axis]

1. vv/st for v=u-+at, v=u-at,v=at
sv/st for v=-at,v=-at
1 1
2. sv/st for s=tutt EatQ, s =i§at2
3. vv/ss for v? = u? £ 2as
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kv/sv
2
4, KV/sv for k= (1/2) mv2
Jkvi/sv
S. yv/st for y=Asin (wt )
6. yv/sx for y=xtan ¢ — 1/2g x2/u2 sec2q
G
7. Fv/sr for F=%
Fv/s1/r
CALCULUS

dy
DiFFerReNTIAL CALCULUS (d— As RATE MEASURE)
X

The derivative or differential coefficient of a function is the limit to which
the ratio of the small increment in the function to the corresponding small
increment in the variable (on which it depends) tends to, when the small
increment in the variable approaches zero.

d_y: M £= Instantaneous change of y with respect to x
dx M&x->0Ax g y p
It is also equal to the slope of the y

tangent drawn at the point where dy/

dx is to be calculated
(x,y)
d—y =tan0 6
dx

. d . .
Formula for calculating d_y due to different functions
X

dY_ n-1
(1) y=x"; qx =

2 = gi -d—y—cosx
(2) vy s1nx,dX

dy .
(3) y=cosx, 7—=-smmX

> dx
(4) y=tanx;£=seczx
dy 2
(5) Y=COtX;d—=—cosecx
X
dy
(6) Y=SCCX;d—X=secxtanx
(7) y=cosecx;j—y=—cosecxcotx
X
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dy _dy du
dx du dx
RuLEs

(11)

(1) Ify=kf{(x), where k is a constant

dy d
VA R
Then, ix dx[ (x)]

(2) If y = constant

dy
-0
Then,

(3) If y=uxtvitw, where u, v and w are functions of x

dy_du+dv dw

—_ —t i_
Then, dx dx dx dx
(4) Ky=uwv
Th d_y=udv+vdu
o, dx dx dx
(5) y=u/v
vdu B udv
Then, &Y _ dx dx
dx v2

CHECK YOUR GRASP
15" Find dy/dx, if y = x”/?
5" Find dy/dx, if y = sin2x
I5° Find dy/dx, if y = e™

EXAMPLES EXPLAINING DIFFERENT METHODS OF DIFFERENTIATION

(1) FuncTioN oF FuncTioN — CHAIN RuLE

d
If y=f(x)and x is a function of some other variable z. Then d—i can be written as

the product of two derivatives.

dy dydz
dx dz dx
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) Y n
Example 1: dx °°8 (log x7)
dx X

d
Example 2 : J/sin(log x) d—z

Solution :

(2) ParAMETRIC FORM

x=1(t) ; y=1(1)

where, t is a parameter

d_y _ dy /dt
Then, 4y ™ ax /dt
. =asint
Example 3 : y dy
dx
X=acost
d_y =acost
dt
dx .
— =-—asint
dt
ﬂ _ M = —cot (t)
dx dx /dt

—

dy _1lcos (logx)xl
dx 2 sinlogx x

X

n-1

3) DouBLE DIFFERENTIATION OR SECOND DERIVATIVE

The second derivative of y whith respect to x is defined as the derivative of the

function dy (or the derivative of the derivative). It is usually written

dx

dy_d p
dx*  dx

d
Example 4 : x =t + t2 + t. Find d—’t‘and—
Solution : %=3t2+2t+1 d—2=6t+2

dt dt

APPLICATIONS OF DIFFERENTIATION IN PHYsICS (To BE STUDIED LATER)

dx

(i) Instantaneous velocity Vi, =——

(ii) Instantaneous acceleration a__

dt

GMR CLASSES -HYDERABAD



Mathematical Tools & Vector

49

1o a. v
also ins dX
oo dp
(iii) Instantaneous force = F,__ = dt
dp p dv
1 Fins V=
also dx m dx
. dw
(iv) Instantaneous power = P,__ =E
dw
P =v—
also P dx
. dq
(v) Instantaneous current =i __ = E
. dv .
(vi) F, = —nAd—X; (where, F_ = viscous force)
.o _dU 1
(vii) F = ——; (where, F = conservative force)

dx

= rate of change of y w.r.t x,

dt dx

Example 5 :

d
Y gradient y.

Find the velocity of a particle whose displacement time curve is shown at t =

0.5s and t = 2.5s.
x (m)

10m

t (sec)

Vel at 0.5 sec = 10 m/s
(slope)
Velatt=2.5sec=0m/s

Example 6 :

The position of a particle travelling along x-axis is given by equation

t? 3t
X=———+2t (m), Fi
375 (m). Find

(a) Initial velocity of particle.

(b) Find acceleration of the particle when it at rest.

(c) Find the velocity of the particle when it is at equilibrium

X _ 2 310 = at t=0Ov=2
dt
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(b) Rest, means v = 0

£ -3t+2=0
t=1s t=2s
Now,

%3
at t=1s at t=2s
a=-1m/s a=1m/s

(c) F=0 = a=0

3
2t-3 =0t = Esec

v —(§j2—3X3+2—2—2+2—_—1
t=3 2 2 ST g et g m/s

Example 7 :

The P.E. of a particle as a function of its position is given by U = ax? — b x. Find

the minimum P.E.

(Minimum P.E. is at equilibrium)

i 2ax +b =0 _ 2P
= x| T T = = X= 5
At this position, PE is given by
2 2 2
Uzax(ij _b(£j= axP _b
2a 2a 44  2a

b? b2 b’

min:4a 2a 4a

Example 8:

The radius of a circle is increasing at a rate of 1 cm/sec. Find the rate of
increase of its area, when its radius is 10 cm.

d_A:? E=lcm/s
dt dt

(at r = 10 cm)
Now, A = nr?

d—A—nQrE tr=10
dt q¢ @r=109)

=qx 2 x 10 x 1=nx20= 20n cm?/s
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I Which physical quantity is obtained by the differentiation of position vector
IS5 Which physical quantity is obtained by the differentiation of velocity taking

IS Which physical quantity is obtained by the integration of velocity with time as

CHECK YOUR GRASP

w.r.t time.?

time as the variable?

variable?

EVALUATE YOURSELF -3

d
Evaluate Y

dx
].. y=X2 2 y:&
3. y=Xx 4. y = 3 sin x
S. y=e*-cos x + log x 6. y = €* - tan x + log x
7 o 8 _ logx
.y =e*cos x . Y= tanx
9. ax*+bx’+cx?+dx+e 10. (x-1)(x*+2)

11. The displacement of a particle is given by

12.

13.

14.

y =a + bt + ¢ — df'. The initial velocity and acceleration are respectively
(1) b, -4d (2)-b, 2¢ (3) b, 2¢ (4) 2¢, —4d

d
If y is function of x then d—i measures

(1) Ratio of the change in y to the change in x between two points
(2) Ratio of y to x
(3) Change in y with respect to change in x at a particular point

(4) Change in y per unit change in x

d
If y = 5x* + cos 2x — e the s

dx
5 5 sin2x e* , ax
—_ —_ — + _
(1) 4X 5 3 (2) O+ sin2x-e
(3) 20x> + 2 sin 2x — 3e°¥ (4) 20x° -2 sin 2x - 3%

The displacement of a particle along y axis is given by y = a coswt where a and
w are constants then its acceleration along y axis will be

(1) —-aw? sin wt (2) —-aw® cos wt (3) aw? sin wt (4) aw? cos wt
ANSWERS
1
d 2 d d 1 -5 1
el =9 2 ox) e = xW/2) o2 22
L. dx (x7)=2x 2. dx( x) dx (x 2X NS
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3. i(x)=1,x°=1 4. ﬂ=3COSX
dx X
5. ﬂ:ex+sinx+l 6. ﬂ=ex—seczx+l
dx X dx X
1 2
tanx)— - log x(sec” x
7. ﬂz—exsinx+excosx 8. ﬂ:( )X gxl )
dx dx tan? x
9. 4ax®+ 3bx?+ 2cx + d 10. 3x2 -2x +2
11. (3) 12. (3) 13. (4 14. (2)

MAXIMA AND MINIMA

Suppose a quantity y depends on another quantity x in a manner shown in
figure. It becomes maximum at x, and minimum at x,.

At these points the tangent to the curve is ¥
parallel to the X - axis and hence its slope is

zero ie tan6=0. But the slope of curve y — x

d |
equals the rate of change of y w.r.t. x is d_ilc |
. . dy 7
Thus, at a maximum or minimum ——=0. . »
dX Xl XQ X

Just before the maximum the slope is positive, at the maximum it is zero and

just after the maximum it is negative. Thus —ydecreases at a maximum and

dx d (dy

d
hence the rate of change of Y is negative, at a maximum i.e. 7| 5 [<0 at a
dx dx \ dx

maximum.
2

dx?’

d(d
The quantity &(é} is the rate of change of the slope. It is written as

dy d’y .
Thus the condition of a maximum is, 3.~ 0 ax2 <0 |-maximum

Similarly, at a minimum the slope changes from negative to positive. The slope

dy
increases at such a point and hence —(—j >0 . The condition of a minimum

dx \ dx
- dy_,dYy
1S dx dx?
Quite often it is well understood from the physical situation whether the quantity

is a maximum or a minimum.
2

d
The test on —327 may then be omitted.
dx

> Oj — minimum

Example 9 :

XS 2

If y:?—7+2x+1, find maximum and minimum value of y and x

corresponding to y (maximum) and y (minimum)
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For Viax
dy A
or Ymin & = O = X2 - 3X + 2 = O ymax
) X = X =2
Now, d 32’ =2x-3
dX Ymin
2 2
—Z:—Ve and dZ=+Ve
dx dx

(atx=1) (atx = 2)

yismaxatx=1

oAy
and y is min at x = 2 atQ; —-=0;
2
YmaXZL_SX]- +2X1+1
3
2
ymm=§—sx2 +2x2+1

Example 10 :
2

Find y (maximum) and y (minimum) for the function yz%—x.

d
—y=0 = x-1=0 = x=1

dx

Now, d?y/dx?>=1 >0 - (only minima exists)
_1_1_ 1_2.__1

Ymin 2 2 2

CHECK YOUR GRASP

IS [fy=2x+3, find the slope at x = 2.

I° [fy=x>-3x +4, find the slope at x = 1.

IS° Find the maximum value of y, if y = 1 —x°.

I5° [f the velocity of the particle is given by v = t* — 2t + 4m/s. then

(1) V, ,=3m/s att=1 sec
2 V. .,=3m/s att=1 sec
B8) V,=1m/s att=2sec
4) V, ,=4m/s att=2sec
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INTEGRATION
If y=F(x)
dy
— =f(x
and dx (x)

Yo=Y = Lyf dy = J:Q f(x)dx = total change in y as x changes from x, to x,
[F(x)]; = F(x,) - F(x,)

GEOMETRICAL MEANING OF INTEGRATION

fx)
Area under f (x) vs. x-graph from x, to x, 4= Z f(x)dx oo b
- S dA
APPLICATION OF INTEGRATION PHYSICS
V R X
dx ta XX,
(@ -~ v="—" = x,-x =| Vdt
dt 2 1 t, ;
I A
a
dv K
(b) dt 2 1 E‘:
dp t, I A !
dt f
ty
_ F
(d) W = {[P dt
U, Xo
(e) F:—j—g = - [dU=[Fdx
o Xl X X *
W=U -U,=[Fdx
ty
. dq .
i=— = q,-q,=|idt
(f) it 2 1 tJ:
FORMULAE IN INTEGRATION
Xn+1
jx“dx= +C jcosx.dx=sinx+C
n+1

Isinx.dx=—cosx+C

ICOSCCQX. dx=-cotx +C

Isec2x.dx=tanx+C

Isecxtanxdx=secx+C
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jcosecxcotxdx=—cosecx+C Iex dx=€e*+C

J%{ dx =log,x+C

RULES FOR INTEGRATION

I(UiViW)dX=IUdXiJVdXiI Wdx
Inf(x) dx=n Jf(X) dx (where n = constant)

Example 12 :

2
L (3x* +2x +1)dx

Solution :

3X2+1 x ! 2

J’_
3

J’_

2
1

X =[x’ +x"+x] =@+4+2)-(1+1+1)=11
1

I“

Example 14 :

n/4

j sinx dx

Solution :

Io

[—cosx]gmz—%
Example 14 :

Zec (2x+3) tan (2x + 3) dx

Solution :

sec (2x + 3) L C

I[\)

IS ClulJERER (Optional)

The instanteous power delivered by an engine is given by
P=(2t +1)(t +1) Watts
Find work done by the engine between

t=1sand t =2s.

Solution :
2 2 2 2
W:j1 Pdt:j1 (2t + 1) (t + 1) dt =j1 (2t* + 2t + t + 1) dt =j1 (2t> + 3t + 1) dt

2
= [2t3+§t2+t} =(gx8+§x4+2J—(g+§+1J _61
3 2 3 2 3 2 6
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IS ClylJJEN I (Optional)

Force experienced by a particle in terms of its position F =3x? —2x. Calculate

the work done in displacing the particle from x = 1 to x = 2.

2
W=I2FdX=j2(3X2—2X)dX=(X3—X2) =4J
1 1 1

IS ClylJJENER (Optional)

Accleration to particle travelling along x - axis is given by
a=(2t+1)m/s?

Find its velocity at t = 2 sec if velocity at t

=1 secis S5m/s

2
V., -V, = adt

V, ,-5= jzt +1)dt V,_,-5=t*+tP=V,_,-5=6-2
V._,=9m/s

t=

IS'ClylJJEN I (Optional)

In the same problem, find the position of the particle at ¢t = 3. If initially position
is x = 10.

Ve -V, =[ (2t +1)dt

V,-5=t"+t|
V,-5=t>+t-2
V, = t2+t+3|

ta
X, — X, = J.tl Vdt

3.2
= x_,-10=[ t"+t+3dt

£t °
= Xt:s—lo = |:§+E+3ti|

0]
,-10=9+249
2

= xt3=4—25+10 = xt:3=6—5
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Example 17 :

: t
t 2t,

Find Acceleration at t = to,

d
a=Natt=ty, -2 =0
dt dt

ISClulJJCR - (Optional)
a

2 m/s’

Is 25 3s !

Find the velocity of the particle at t = 2s. If initial velocity is 5 m/s.

V._,-V._, =I02adt={Area from O to 2} =é[1+2]><2
= V,_,=3+5=8m/s

IS'ClulJJENE B (Optional)
4

10 m/s’

1 > 3 !

The velocity time of particle traveling along v-axis is shown. Find
(i) Acceleration at t = 0.5 sec

(ii) Acceleration at t = 1.5 sec

(iii) Acceleration at t = 2.5 sec

(iv) At t = 3 sec, the particle is found at x = 50 m. What is its initial position.

(i) 10 m/s? (ii)) O m/s
(iii)) — 10 m/s?
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Vdt = {Area from O to 3}:%><(1+3)><10

O ey W

(iv) Xi=3 = Xt-0 =
X3~ X0 =20
50 -x,_,=20
X, =30m
CHECK YOUR GRASP
5" If dy/dx = sinx, then find y.
I5° Find the integration of 3x° with respect to x.
IS° Whatis difference between differntiation and integration.
IS ] ¥ + 1 th =
fdx =-sinx+_, theny =
1 1 2
(1) —cosx—Xz ()cosx—X2
(3) logx+cosx+c (4) log x —cos x + ¢
==

Ify= dix f(x) then sz(x)dx=

(1) Change in y when x changes from x to x,

(2) Areaunder the curve y versus (x) when x changes from x  to x,
(3) Change in x from x,to x,

(4) Functiony
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VECTORS

INTRODUCTION

Mathematics is the language of Physics. Centrain physical quantities
are completely described by numberial value alone and are added
according to the ordinary rules of algebra. But the complete description
of another set of physical quantities requires a numerical value (with
units) as well as direction in space. It becomes easier to describe,
understand and apply the physical principles, if one has a sound
knowledge of vector algebra and calculus.

SCALARS

Certain physical quantities are completely described by a numerical value alone
and are added according to the ordinary rules of algebra. Such quantities are
called scalars.

e.g. If two bodies, one having of mass 5 kg and other having a mass of two kg
are added together to make a composite system, the total mass of a system
becomes Skg + 2kg = 7kg.

VECTORS

The physical quantities which have magnitude and direction and which can be
added according to the rules of vectors are called vector quantities.

Geometrically the vector is represented by a line of particular length, putting
an arrow showing the direction of a vector.

Tail : : : Tlead
The front end is called the head and the rear end is called the tail. The vectors
are denoted by putting an arrow over the symbols representing them. Thus we

write AR, BC etc. Sometimes a vector is represented by a single letter such

as :/, 1?“ etc. Quite often in printed books the vectors are represented by bold
face letters like AB, BC,v, f etc.

Note : Electric current has both magnitude and direction but it does not add up according
to the vector’s rule. Hence it is not a vector quantity.

VaRrious TYPES oF VECTORS

(a) Collinear Vectors : Two vectors having equal or unequal magnitude, which
either act along the same line or along parallel lines in same direction or along
the parallel lines in opposite direction, are called collinear vectors.

» »
> >
- -
A A

»
»

v
v

>
Wl

A

Wl

N
B
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(b)

(c)

(d)

(e)

()

Equal Vectors

Two vectors are said to be equal, if they have the same magnitude and direction
and if they represent same physical quantity.

_
A
- S
B
Negative Vector : The negative of a vector is defined as another vector having

the same length representing the same physical quantity but drawn in opposite
direction.

N

S
Co-initial Vectors : Two vectors are said to be co-initial, if they have a common

N
initial point. In figure, two vectors ;A: and B

have been drawn from the same point O. They are called co-initial vectors.

5
B

v

0)

>

Zero (or Null or Void or Empty) Vector (6) : A vector whose magnitude is zero
and direction is arbitary or unspecified is called zero vector.

e.g., If a particle starts moving from a point P, but comes back to P, then its
displacement is zero vector.

Unit Vector : A vector divided by its magnitude is called a unit vector along the
direction of the vector. Obviously, the unit vector has unit magnitude and
direction is the same as that of the given vector.

B

A=

>

It is used for giving direction.

For e.g., a vector of magnitude 5 in direction of a is 5a

N

For e.g., a vector of magnitude 3 opposite to a is —3a
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CONCEPT BOOSTER

i, , and k are known as unit vector corresponding to X, y and z axis
respectively.

Example 1:

(g)

(h)

(i) A vector of 3 unit along x axis is 1 = 3i

(ii) A vector of magnitude 5 along -z axis is ; = 5(-k) = -5k
Position Vector (O—A> or ; ):

(a) It tells the straight line distance of the object from the origin starting

point.
(b) It tells the direction of the object w.r.t. the origin.
(x, %, 2)
y A

¥~ position vector

(Fig. 1)
The magnitude of the position vector aﬁ) is represented by |OA| or |;| or
r. Thus, |OA |

or |;| or r = length of vector
OA =r=xi+vj+zk

Displacement Vector (A—B)or._S)) : A particle was situated at A at time t. The
position co-ordinates of A (x,, y,, z,). Suppose that at time t’, the object reaches

point B (as shown in figure 2). Then, a?; is new position vector of the object

or the position vector of the object in time t’. The arrow, whose tail is at A
(initial position) and tip is at B (final position) is called the displacement vector
of the object in time interval between t and t’. Both the position vector and the
displacement vector described above are examples of vectors in two dimension.

S=r1,-1=(X,-x)i+(y,-y,)j+(z, —2)k
Final position
vector B (X Y2, Z,)

Displacement vector
A (Xl’ YH Zl)

¥ TInitial position vector

» X

(Fig. 2)
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(h) Axial Vectors : Vectors that represent rotational effects and are always along
the axis of rotation in accordance with right hand screw rule are axial vectors
along that direction.

e.g. angular velocity (w) ; angular acceleration (a) ; torque (t) etc.

(i) Coplanar Vectors: A given number of vectors are said to be coplanar if they all
lie in the same plane or parallel planes, otherwise they are said to be non-
coplanar. Three or more vectors may or may not be coplanar.

(i) Resultant of two or more Vectors : It is a single vector which can produce the
same effect which is produced by all those vectors acting together. Resultant
of two or more vectors is obtained by adding those vectors.

ADDITION OF VECTORS

(i) Triangle law of addition of two vectors

If two vectors can be represented fully (i.e., in magnitude C

as well as in direction) by the two sides of a triangle, taken

in order, then the third side of the triangle taken in opposite A B
order represents their resultant. 5 X

i.e. E + B—C> = A—C>
(ii) Polygon Law of Addition of many Vectors

If a number of vectors can be represented fully by the
successive sides of a polygon taken in order, then the closing
side of that polygen, taken in opposite order, represents
their resultant.

This means, in figure

_ s — —  —— —

AB + BC + CD + DE + EF = AF

Addition of Vectors: Graphically

S . P
Suppose we want to add two given vectors P and Q, / /
Q

i.e., we want to find out resultant of two given vectors
P and 5
Step-wise procedure to do it

Step I: Shift (5 such that its tail concides with the tip of P.

5

ol
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Step II: Join the tail of P with the tip of thus shifted (3 If we call this as }3,
then

Q

Fol
=P
I
rol
+
Ol
J"-
=~
I
ol
+

By triangle law of vector addition. R is called the resultant of P and 0.
Subtraction using Triangle Law: If we have to find P-Q

Then we can write 13 - (3 = 13 + (_(3)

Thus, it is also a case a vector addition, it is the addition of P and the negative

of Q.

b OR
> 2 =2 . e
P» Draw P and Q as coinitial vectors.
Ve Q .- ~¥ | A vector drawn from head of Q
to head of P will represent p and (3
3 R
P
N
RI
T
R'=P-Q

Example 2 :
Find the minimum number of nonparallel vector producing zero resultant.

Solution :

Example 3 :

IOJI

Find the minimum number of non-coplanar vector producing zero resultant.

Solution :

IAI

Example 4 :

Which of the following group of magnitude will not produce zero resultant when
taken in form of vector.

(1) 20, 3, 7,4 (2) 20, 20, 20, 20 (3) 20, 3, 7, 10 (4) 20, 3, 7, 12
Solution :

(1)
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Example 5 :

Two vectors ;( and ?{are shown. Match the following:

UIN (@)  X+v
(i) \ b) X+
(i) ©  X-¥
v / @  ¥-X

Ans. (i) - (d), (ii) - (0), (iii) - (b), (@v) - a

Example 6 :
N

The vectors ;( and Y’ are as shown. Match the following :

M | (a) X+7
(i) 1 (b) ~ (X +7)
(i) —» (c) x-v
(iv) «— @ y-x
@ (@ @) () @) () () (a)

CHECK YOUR GRASP

IS> We can order events in time and there is a sense of time, distinguishing
past, present and future. Is, therefore, time a vector.

IS° Explain why current is not a vector though it appears to possess a
direction

IS° Discuss whether or not angular displacement is a vector
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EVALUATE YOURSELF -1

1.  What is the maximum number of rectangular components into which a vector
can be split in its own plane?

(1) 2 2) 3 3) 4 (4)  Infinite

2. The minimum number of vectors of equal magnitude required to produce a zero
resultant is

(1) 2 (2) 3 (3) 4 (4) More than 4

3. A vector does not change if

(1) It is rotated through an arbitrary angle
(2) It is multiplied by an arbitrary scalar
(3) It is cross multiplied by a unit vector
(4) It is slid parallel to it self

4. In the figure, E_D+ 6 equals

al

(Wi
ol
eyl

(1) A @ -A @ B 4 -B

S. Two vectors P and Q are in a plane but the vector R is not in their plane. In such
a case P+Q+R
(1) Can be zero (2) Can not be zero

(3) Lies in the same plane as P & R (4) Lies in the same plane as R & Q
6. For the fig.

(1) A+B=C
(2) B+C=A
(3) C+A=B 4

(4) A+B+C=0
7. Let C=A +B then

(1) |C| is always greater then |A |
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(2) It is possible to have |C|<|A| and |C|<|B|
(3) Cis always equal to A + B
(4) Cis never equal to A + B

8. A person moves 30m north, then 40m east and then 50m south-west. His

displacement from the original position is nearly

(1) 120 m (2) 100 m (3) 70 m (4) zero
ANSWER

1. (4) 2. (1) 3. (4) 4. (3) 5. (2)

6. (3) 7. (2) 8. (4)

(m) PARALLELOGRAM METHOD

(i)

The same rule may be stated in a slightly different way. We draw the vectors
da and b with both the tails coinciding.

Taking these two as the adjacent sides we complete the parallelogram.

The diagonal through the common tails gives the sum of the two vectors.

Thus, in figure AB + AC=AD.

Suppose the angle between 3 and p is 0. It is easy to see from the figure that

AD? = (AB+BE)’ +(DEY’

R’ = (a+bcosh)’ +(bsin6)’
= a’+2ab cos0+ b’

Thus, the magnitude of a+b is,

R =/a? + b2 + 2abcos 0
Its angle with a is «

DE bsin®

AR = 2+ boost and its angle p with b

where, tan o =

asin©

tanf=——-—
b+acos9

Let us find the resultant of the two vectors in the following special cases:
When ¢=¢ci.e., when the two vectors act along the same direction.

(R is maximum in this case)
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R = \/a2 +b? +2abcos0° =\/a2 +b? + 2ab(1)
=a+b
Also,
bsin0°  b(0)
tana= 5 Heos0° _a+b(1)_ = a=0°

Therefore, when 6=0°, the resultant has magnitude equal to the sum of the

magnitude of two vectors and acts along the direction of & and b. Also B =0°

(ii) When ¢=9¢°, i.e., when the two vectors act at right angles to each other.

(i)

R = \/a2 +b? +2ab cos90° :\/a2 +b* +2ab(0)
bsin90° b(1) b

or 4a®+b?

Also, tan a= 57 0590° a+b(0) T a and tan B = a/b

When ¢=180° i.e., when the two vectors act along opposite directions. (R is
minimum in this case).

We have,

R = \/a2+b2+2abcoslSO°:\/a2+b2+2ab(—1)
or R=a-b or b-a
Also,

bsin180° _  b(0)

= - =O
tano = 5 4 hcos180° a+b(-1)

or a=0° or 180° and B =180° or O0°

Therefore, when 0=180° the resultant has magnitude equal to the difference
of their magnitudes and acts along the direction of the bigger of the two vectors.
It may be pointed out that the magnitude of the resultant of two vectors is

maximum, when they act along the same direction and minimum, when they
act along the opposite directions.

MuLTIPLICATION OF A VECTOR BY A NUMBER

Suppose 3z is vector of magnitude a and k is a number. Let us define the vector
b=ka . Then b is as a vector of magnitude |ka| . If k is positive, the direction of

the vector b is same as that of & If k is negative, the direction of 119 is opposite
to 3 . In particular, multiplication by (-1) just inverts the direction of the vector.

So, the vectors 3 and —3 have equal magnitudes but opposite in directions.
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Note : If 5 is a vector of magnitude 3 and {1 is a vector of unit magnitude in

the direction of 3, we can write 3 =a(1.

SUBTRACTION OF VECTORS

Let 5 and b be two vectors. We define 5 _f, as the sum of the vector @ and the

vector (-b). To subtract b from 3 invert the direction of b and add to 3.

R'=|;—B|=\/a2+b2+2abcos(n—9)

or R’=|;—g|=\/a2+b2—2abcose

N
!

o' = angle between ; and a-b

and B' = angle between b and a-b

bsin(n—6) bsin®

a+bcos(n-0) a—bcos0

Also tan o' =

—bsin 0O
a—-bsin®

or

CONCEPT BOOSTER

If [a|=|b|=x

(1) R:|g+1_3>|=\/x2+x2+2x2 cos 6 = 2x cos (0 /2)

(ii) R'=|;—B|=\/X2+X2—2X2 cos 0 =2x sin (0 /2)
(i) a=p=(0/2)

(iv) Parallelogram formed by 4 and b will become a rhombus, whose
diagonals bisect each other perpendicularly. In this case

(@ +b)is L (a—Db)

Example 7 :

Two vectors of equal magnitude 5 unit have an angle 60° between them. Find
the magnitude of (a) of the sum of the vectors and (b) the difference of the
vectors.
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Figure shows the construction of the sum A+B and the difference A-B.

(a) A+B is the sum of A and B. Both have a magnitude of 5 unit and the
angle between them is 60°. Thus the magnitude of the sum is

B
60 A
ya )
- /
5/ 120 STy S
/ SN ,/
¥ o T

A+B :\/52+52+2x5><5cos600 = 5.3 unit
A+B

(b) A-B is the sum of A and (-B). As shown in the figure, the angle between
A and (-B) is 120°. The magnitudes of both A and (-B) is 5 unit, so,

‘A—B‘z\/52+52 +2x5x5c0s120° = 5 unit

Example 8:

The forces of 10 N and 6 N act upon a body. The directions of the forces are
unknown. The resultant force on the body may lie between which limits ?

Solution :

Let 6 is the angle between the two forces P = 10 N and Q = 6 N. Then, the
resultant force is given by

R =410 + 5% + 2x 10 x 6 cos 6

The minimum value of cos q is -1, while, the maximum values is +1.

Thus, R =410 + 6% +2x10x 6 x (~1) = /(10 - 6)* = 4N

R, =+10? +6% +2x10x 6 x (+1) =+/(10 + 6)° =16N
Thus, the resultant of the given two forces lies between 4 N and 16 N.

Note : The maximum and minimum magnitude of the resultant of two vectors

is always |P|+]|Q| and |P|-|Q]. So, in this case, it will be 10 + 6 = 16 N and
10-6 =4 N.

Example 9:
The vector sum of two vectors P and Q is R. If vector Q is reversed, the

resultant becomes S. Then, prove that R> +S? =2 (P + Q?)
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Solution :

Let 0 be the angle between vectors P and Q.
Then, R*=P°+Q°+PQcos® ... (i)
When vector 6 is reversed, angle between the vector F and —(3 will become
180° - 6.
Thus, S°=P°+Q’+2PQcos (180°-0)
=P? + Q° + 2PQ x (-cos 0)
or S*’=P?+Q*-2PQcos 0 ... (ii)
Adding the equestions (i) and (ii), we have
R*+S° =2 (P* +Q’)
Example 10 :

Two vectors of magnitude 6 and 14 give a resultant R, then

(a) -8 <R <20 (b) 8<R<20 (¢) -8<R<20 (d) 8< R < 20
Solution :

(d)
Example 11 :

Two vectors of magnitude x when added gives a vector of magnitude of x. Find
the angle between two vectors which are added.

Solution :
R=2xcos 9/2 =x
cos 9/2=1/2
/2 =060°
0 =120°
Example 12 :

Two vectors of magnitude x when subtracted gives a vector of magnitude of x.
Find the angle between two vectors which are subtracted.

Solution :

R=2xsin /2 =x
sin /2 =1/2
0/2=30°
6 = 60°
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Example 13 :

120° b| =1
[a] =2

Find the resultant and the angle made by resultant with b.

1
R® =2 + 1% + 2x2x 1 cos 60° =4 +1+4x

R=,5+2

R=47

tan B asin®
b+acos9

B=tan" (g]

Example 14 :

The resultant of two vectors A and B where B > A is of magnitude 10 and
perpendicular to B. If the magnitude A is 20. Find the magnitude of B and
angle between A and B.

In A AOC
A C
coso=10_1 N
20 2 L
o - 10
. =60 A N\ g
Angle between A and B =150° B

| B|]=+/20%-10% =400 -100 =+/300

CHECK YOUR GRASP

I [s vector addition commutative?

I [s vector addition associative?
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EVALUATE YOURSELF - 2

Vector sum of two forces of 10N and 6N cannot be:
(1) 4N (2) 8N (3) 12 N (4) 2N

At what angle the two vectors of magnitudes (A + B) and (A — B) must act, so that

the resultant is A2 +RB? ?

(1) cos™ A’ —B° (2) cos™ A"+ B
A? + B? B? - A?

3 COS_I ﬂ 4 COS_I ﬂ

(3) 2(A7 +BY) (4) 2B - A?)

Resultant of the two vector F: and F2is of magnitude P. If F2 is reversed, then
resultant is of magnitude Q. What is the value of P2+ Q?%?

(1) F12 + F22 (2) F12 - F22 (3) 2( F12 - F22 ) (4) 2( F12 + F22 )

The resultant of two forces acting at an angle of 150° is 10kg wt. and is
perpendicular to one of the forces. The other force is ..........

(1) 10./3 kg.wt. (2) 20./3 kg.wt. (3) 20 kg.wt. (4) 20/.3kgwt.

Two forces each numerically equal to 10 dynes are acting as shown in the
following figure, then the resultant is

(1) 10 dynes (2)
(3) 10,/3 dynes (4)

Given that R=P+Q. And R makes angle o with p and B with Q. Which of the
following relations is correct?

(1) o cannot be less than B (2) a<p ifP<Q
(3) a<p if P>Q (4) a <pifP=Q

The resultant of the three vectors OA, OB, and OC shown in figure.

(1) r (2) 2r (3)  r(1++2) 4 rW2-1
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8. At what angle should the two forces 2P and ,/2 P act so that the resultant force

is P10
(1) 45 (2) 60 3) 90 4)  120°

9. If |A-B|=|A|-|B|,the angle between Aand B is

(1) 60° (2) 0° (3)  120° (4)  90°
ANSWERS

1. (@) 2. (4) 3. (4 4. (3) 5. (1)

6. (3) 7. (3) 8. (1) 9. (2

RESOLUTION OF VECTORS

A vector 3 = QA in the X-Y plane drawn from the origin O. The vector makes an

angle a with the X-axis and b with the Y-axis. Draw perpendiculars AB and AC
from A to the X and Y axis respectively. The length OB is called the projection

of DA on X-axis. According to rule of vector addition

a=0A=0B+0C
Thus, we have resolved the vector g into two parts, one along OX and the other
along OY. The magnitude of the part along OXis OB =acosa and the magnitude

of the part along OY is OC=acosp. If i and j denote vectors of unit magnitude

along OX and OY respectively. We get Y4
Cp---—-—-----#A
OB =acos ai and OC=asinaj . v :
J1 I
— - N |
So that g =a cos ai + a sin oj o L
0 B B X

i.e., a=a,i+aj

where, a, =acosoanda, =asina

-
where, magnitude of |a|=,/a} + a]

a a
where, tana=— and tanf ="
a

X ay
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e.g. y e.g.
5
r 0
X
0 -
r
- . 2 A - . 2 A
r=r(sinB)i—(rcos0)j r=—r(sin0)i+(rcosh) j
Example 15 :
F3 :4\/§N Y (North)
West > » X (East)
F,=2N
N South

F,=10N
(Given sin 37° = cos 53° = 3/5, cos 37° = sin 33°

- 4/5)
Find the resultant force and its direction.

— A~
Fi1=2i
E, =10 cos37j+ 10 sin 371 = 6 + 8
- A~ ~
F3=—4i+4j
- A
Fs=—10]

> - -

- I
F=Fi+F2+F;+Fs=4i+2]

F=.4>+2>=20N

a=tan" (F, /F,)=tan™' (1/2)

L [F,
North of East P=tan ' [ j

=tan' (2) East of North
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Example 16 :

I0N=F,
53°
F,=3N
W < E
45°
F,=5N ¥y
82 N=F,

Find the resultant force and its magnitude.

Fi=8-8] F.=8i+6]
l?‘s =-3i 1?‘4 =— 53
Adding all
2 2 < (7
F=13i-7] o =tan 13 South of East

Example 17 :

A force of 10.5 N acts on a particle along a direction making an angle of 37°
with the vertical. Find the component of the force in the vertical direction.

The component of the force in the vertical direction will be F,
= Fcos0=(10.5N)(cos 37°) = (10.5N)g =8.4N

THREE DIMENSIONAL VECTORS

—

r=rcosai+rcosfj+rcosyk
=r (cos ai + cos fj + cos k)

Direction cosines

r I T,
1 =cosa ==; m=cosp=->; n=cosy==% where, r=.r’+r12+1’
r r r Y

t=li+mj+nk  Also, ’+m’+n’=1
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~
(<}]

Example 18 :
Find the direction cosines of vector.

- -

r=3a-2btc Where, g = _2j1k, b=2i+j+k; c=--i-j+k

Solution :
r=3(-2j+k)-202i+j+k) +(i-j+k)
r=-2i-9j+2k

N -2

Ir|=v89; =7

Example 19 :

. . . . . . -2 .
Three dimensional vector of magnitude 9 has direction cosines Q?nl, Find

all such vectors.

P+m?+n*=1

3 3
e L s
9 9 9
nzi2
3

;zr(li+n]+nf<)

t=3[i-2j+2K]

CHECK YOUR GRASP

15" Can a vector be zero if any of its components is not zero?

EVALUATE YOURSELF -3

1. What vector must be added to the sum of two vectors zf_j+3f< and 3j _2j+ 2k so
that the resultant is a unit vector along Z axis

(1) 54+% (2) —5i+3j-4k (3)  3j+k (4)  -3j+k
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2. If A=i+2j+2k and B=3i+6j+2k then the vector in the direction of A and having

magnitude as |B|, is

AoA A 32 A o T r anan T r an o an

(1) 7Gi+2j+2k) (2) Z(i+2)+2k) (B)  SG+2i+2k) (4) S+2)+26)
3. P+Q is a unit vector along y axis. If P=2i—j+3k, then Q is

(1) —2i+j-3k (2) —2i+2j-3k (3)  -3i+j-3k (4  2i+]j+3k
4. Which of the following is a unit vector ?

PO . LA . . R 1+ =
(1) i+j (2) cosO j-sinbj (3) sin® i+ 2cos6j (4) ﬁ(1+3)

S. One of two rectangular components of a force is 20 N and it makes an angle of
60° with the force. Then the magnitude of other component will be

(1) %N (2) 203N (3) 40N (4)  zero

6. If A B,C represent unit vectors in each case, which vector combination(s)
result in a unit vector ?

C
<—A
(A) B (B)
_
A
B
© ‘ (D)
— —
(1) A, B, C (2) A, C (3) A,B,D 4 D

7. The resultant of Pand Q is perpendicular to P. What is the angle between and
Pand Q
(1) cos™(P/Q) (2) cos'(-P/Q) (3) sin?(P/Q) (4) sin”' (-P/ Q)

8. The value of a unit vector in the direction of vector A =5i-12j, is

(1) i (2) j 3)  (i+j)/13 (4  (5i-12j)/13
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9. The expression %i +%j is a
(1) Unit vector (2)
(3) Vector of magnitude (4)
ANSWER
1. (2) 2. (4 3. (2)
6. (2) 7. (2) 8. (4)

VECTOR MULTIPLICATION

Multiplication of two Vectors
inclined at angle 0

Null vector

Scalar
4. (2)
9. (1)

Scalar product

or
Dot product

Vector product
or
Cross product

5. (2)

- -
A.B
(read as A dot B)

> o
(read as A cross B)

- > .
|A||B|sin 0 A

- - > >
|Al|B|cos 6 When 1l is a unit vector giving the direction of A X B (or obviously pointing

towards whose direction can be found by RIGHT HAND THUMB RULE (RHTR)
according to Wthh “Curl the ﬁngers of RIGHT hand from lst vector to 2nd
vector (i.e. FromA to B in case of A x B and B to A in case of B X A then the
direction of thumb gives direction of cross product orfi. As a consequence of RHTR
we conclude that it is a unit vector normal tothe plane containing (or having) Aand
Borwecan say that 1 is perpendicular toAand B simultaneously.

DOT PRODUCT
Mathematically,

X.BzAB cos 0
PROPERTIES OF DOT PRODUCT

(a) Dot product is commutative in nature

AB=B.A
(b) Dot product is distributive with respect to sum
A.B+C)=AB+A.C

(c) If 6 =0°ie. vectors are parallel then
A.B=AB cos 0° = AB

i.e., when the vectors are parallel KB is just the simple product of the
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magnitude of A and B.

(d) Dot product of vector with itself is equal to the square of the magnitude of
the vector.

AA=(A)(A)cos 0 = A.A=A?

—_
a

-~
—

0 = 180° i.e., vectors are antiparallel, then

A

e

B=AB(-1) { (cos180°=—1)}

ol

A.B=-AB

i.e., if two vectors are antiparallel then their dot product equals the negative
of simple product of magnitudes of vectors.

(f) If 6 = 90° i.e., vectors are perpendicular.

A.B=AB(0)A.B=0i.c.,
Vectors perpendicular < Dot product = 0
(g) ii=|i||i|cos0°
Therefore, in general,
Li=1,j.j=1Lk.k=1
(h) i.j=|i||i]cos90° = 1i.j=(1)(1)(0)
Therefore, in general

i.j=0,j.k=0,k.i=0 or j.i=0,k.j=0,i.k=0
. - R R R - R R R
(i) If A=Ai+Ajj+AkandB=B,i+B,j+B,k are any two vectors, then
A.B=(Aj+Aj+AK).(B,i+B,j+BK)
= A.B=Ai.B,i+B,j+Bk)+
Aj.Bi+Bj+k)+Ak.(B,i+B j+BJKk)
A.B=A, B, +AB, +AB,

- -

(j) Since, A.B=ABcosfand -1 < cos g <1

K]% is maximum at cos ¢ = 1 (i.e., § = 09

=
ng’ is minimum at cos 9 = -1 (i.e., = 180°)
= (A.B),, <A.B <(A.B),,
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— -AB<A.B<AB
(k) If A=Ai+Aj+AkandB
= B,i+ Byj +B,k and 0 is angle between ;‘: and]g.
A.B

Then, cos 0= AB where K]g = AB cos 6.

CONCEPT BOOSTER

Angle between two vectors

A=Ai+Aj+AkandB=Bi+B j+B)k is
AB, +AB +AB,

Cose: 2 2 2 2 2 2
JAZ + A%+ A? B2 + B? + B

IfA=Ai+ ij' + Ak, has 1, m,, n, as direction cosines

If B=B,i+B,j+B,k, has 1,, m,, n, as direction cosines
AB,+AB, +AB,
AB

AXBX AYBY Asz
+ +
AB AB AB

- (R IR

=11, + mm, + nn,

Also, cos 6=

= cos 0=

(a) If (I, m n, )and(l, m,n, ) are direction cosines of A and B,
then cos6=1 1, + m, m, + n, n,.
(b) It two vectors are perpendicular then

,1,+m m, +n n, =0.

Example 20 :

Find a.b, for the vectors shown in diagram.
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[bl=2
120°

la|=3 /

—

a.b=3x2cos 60°=3

Example 21 :

Find the value of o for a=8i-aj+2k is L b=2i+aj+8k

a.b=0
16— +16=0
a’=32

a== 4\/5

Example 22 :

Find angle between 3 =2i- 23 +k, b=6i+ 2]’ -3k

Solution :

a.b 12-4-3 12-7
ab 21 21

cos 0 =

0= cos'li
21

GEOMETRICAL INTERPRETATION

OR

P

= K = A x (projection of B in
the direction of A)

Wi
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= B.A=Bx(Projection of A in
the direction of B)

- [AB|; [AB]|»
(B cos 6)A A—[ JA

A A
A.B B A.2B B
B B

>
o
o
42}
2
o
Il

Example 23 :

Find projection of a on b if

a=31+2]j
b=1i+]j
Solution :

R
I
‘O"‘
N—
oY
I
Slo

(acos 6)15 =

o
7\
=)
ﬁ‘ +
—.)
N——
Il
|
—_—
=)
J’_
—_.)
S—

Example 24:

Find projection of b=i-j+k on a=2i+2j-k

(bcose)é=(2_2_1] 2i+2j-k
3 3
- l(2i+2j-k)- H2TK
9 9
Example 25 :

Ifa+b+rc=0and |a|=2,|b| =3, |c|=4

N

Find angle between B and c.

Solution :

(21)2:(2—1;)2 = a’=c’+b’-2bccos b

= 2bccosO=c?+b%*-a?
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COSG_M
2bc
2 2 2
e @)
2x3x4
cos@:$=g = 0=cos ' (7/8)

PHYSICAL INTERPRETATION

1. Work done is to product of force with displacement

ie,  W=F.Ar
W=F. (1?2 - E) where At = (Final value — Initial value) is the displacement.

- -
2. Power (P)=F.v

Example 26 :

Find the work done F=3i+2j-k in displacing particle from A (1, -1, 2) to B (5,
3, 1)

E_i-j+ok

£,=51+3j+k

r-r —8§=—4i+4j-k

W=F.S=12+8+1=21J

CHECK YOUR GRASP

=¥ s dot product commutative?

I3 What is the geometrical signification of dot product?

EVALUATE YOURSELF - 4

1. Component of 3i+4] perpendicular to i+ and in the same plane as that of 3i+4]
is
1 I o 3 I o 5 ~ 2 7 ~ 2
—(-1i (-1 (-1 (-1
(1) 2(] ) (2) 2(] ) (3) 2(J ) (4) 2(J )

2. A particle gets displaced with a velocity (/ +2 +5k)m/s due to force (2i-3j+16k)N
in 4 second. The power in watts is

(1) 72 (2) 24 (3) 216 4) 76

3. If A=B-C, then the angle between A and B is
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(1) cos™ [(A% + B* - C?)/2AB)] (2)  sin™ [(A% + B = C%)/2AB)]
(3) tan™' [(A% + B2 - C?)/2AB)] (4)  None of these

4. The component of a vector is
(1) Always less than its magnitude
(2) Always greater than its magnitude
(3) Always equal to its magnitude
(4) None of these

S. A particle of mass 0.5 units moves from a point (3, -4, 5) to the point (-2, 6, —4)
while a force of 2i + 3j — k acts on it, calculate the work done
(1) 45 units (2) 60 units (3) 29 units (4) 80 units

6.. A force (3Z+2j)N displaces on object through (2?—3j)m. The work done by the
force is
(1) zero (2) 5J (3) 12J (4) 13J

7. If two vectors 2i+3j-k and -4i-6j- Ak are anti parallel to each other then
value of [ be
(a) 0 (b) -2 (c) 3 (d) 4

8. A vector P is along the positive x-axis. If its vector product with another vector
B, is zero then B, could possibly be
(1) 4 (2) -4 3)  (i+k) (4)  —(i+])

9. Consider two vectors F, =2i+ 5k and F, = 3i+4k. The magnitude of the scalar

product of these vectors is

(1) 20 (2) 23 3) 533 (4) 26
ANSWERS

1. (1) 2. (4) 3. (1) 4. (4) 5. (3)

6. (1) 7. (2) 8. (2) 9. (4)

CROSS PRODUCT OR VECTOR PRODUCT

Mathematically,
K X f% =ABsin 6 n

Direction of n is given by RHTR (stated earlier)
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n indicates direction of AxB and —n indicates direction of Bx A

- -

K X é =—BxA
So, cross product is Non-commutative in nature.
AxB=ABsinbn = |AxB|=ABsin6n

> o ya

= |BxA|=BAsin®

|AxB|=|BxA|=ABsin 6 i o
<
[aB
e AxB_ AxB Axs =
’ Ao ABsin® sin®
A xBl y (O &
where, nn indicates direction of K x ]§ z l

CONCEPT BOOSTER

(a) AxB=ABsinff
|AxB|=|BxA|=ABsin 6

(b) n is a new vector perpendicular to A as well as E
A.A=0
A.B=0

{Perpendicular vector have dot product = 0}

Hence, (A x B) is a new vector perpendicular to A as well as B

(c) 7 is perpendicularto A as well as B

~

(where 7 indicates direction of (A x B)

A x B is a new vector L to Aand B

> o> - > o> o

= (AxB).A=0 or (BxA).A=0

> o> > > o> o

= (AxB).B=0 or (BxA).B=0

> -

= (AxB).(Zi—B>)=O or (_B)x—A>).(—A>i_B))=O
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PROPERTIES OF VECTOR PRODUCT

(a) Vector product is non commutative i.e.,

N

AxB=-BxA = (AxB)+(BxA)=0
(b) Cross product is distributive with respect to sum i.e.,

— - -

Kx(]§+(_5)=;:><B+A><C
CAUTION
Kx1§+6x,&’¢?\x(§+8)
Instead,

xB+CxA=AxB-AxC

>

le§+axK=KX(B—C)

U

(c) If A and A are parallel, i.e., 6 = 0°, then

Vectors parallel < cross-product equal to 6

(d) If A and A are antiparallel, i.e., 6 = 180°, then

>

x B = AB sin (180%a

0 - sin180=0°

Wl

Ax

U

Vectors parallel < cross-product equal to 6

o
=)
>

xA=AAsin0On
AxA=0

N
i.e., cross product of vector with itself is 0

(8) ixj=k.,kxi=j, jxk=i
For a right handed triade system.

Curl fingers from x to y, thumb gives direction of z.
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Curl fingers from y to z, thumb gives direction of x.

Curl fingers z to x, thumb gives direction of y.

(h) If A=A i+Aj+Ak

2 2 A ~
B=B,i+B,j+ B,k

i j ok
N
AxB=|A, A, A,
B, B, B,
- =2 ’.‘A Az ’TA A "Ax A
= AxB=i| ’ ik Y
B, B, B, B, |B, B,

= AxB=i(A,B,~B,A,)- J(A,B,~A,B)+k(AB,-BA )
bd N A A
(i) Let A=A i+Aj+Ak

B=B,i+B,j+B,k

A, A A > N
If L= Y-z _k(k>0),thenAis paralleltoB
B, B, B,
A > N
Else if %:B_y:gz =k(k<0),then Ais antiparalleltoB

GEOMETRICAL INTERPRETATION OF CROSS PRODUCT

Half of magnitude of cross product equals to area of triangle with adjacent sides Z and

N

B.

1 . 1 .
Area=§ (A) (B sin 0) =§(AB sin 6)
| AxB]|

= Area of triangle = é

[solN3
sin 0

A
N
A
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Area of parallelogram = (Base) X (Perpendicular distance between parallel
sides)

= A (Bsin )= AB sin6

- o

Also, area of parallelogram =|AxB|=—|d, xd, |

1
2
CONCEPT BOOSTER

So, half of the modulus of cross product equals the area of the triangle with

adjacent sides z and E and magnitude of cross products equals the area of

the parallelogram with adjacent sides Z and 75'

PHYSICAL INTERPRETATION

-

(a) r=;xF=(r2—1j;)xl_5>‘
T (read as tau) i.e., Torque in (Physics)

T is the distance of point of application of force from axis of rotation (A.O.R.)
and F is force.

t is called moment of force.

B L-rxp

L = Angular momentum also called moment of
linear momentum.

¢ e}
— -
P = Linear momentum = mv B £
m
- - /
p=mv 0 >

>
Since, mass is a scalar therefore momentum carﬂ
be reads as mass times velocity.

N

& L=rx(mv)=m(rxv)
Example 27:
Ifr=i+2j+k

N

o=i-j+k find v
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— = =
—
—_ =X

-1

(2+1)i-(1-1)j+(-1-2)k =31 -3k

Example 28 :

Find value of a and b for which a =ai-3j+2k parallel to b=2i-pj+k

Example 29:

If a and B are two vectors and 0 is the angle between them
(a.b) - (axb) =

(1) 1 (2) 0 (3) cos 26 (4) a*b? cos20

Solution :
a’b” cos’® 6 —a’b’sin® 0 = a’b*(cos® 0 —sin’ H)

=a’b?*cos?20 (d) is correct.

Example 30 :

Find the moment of the force F =2i+ j+3k acting at (4, 3, —2) about (1, -1, 2).

r=r-r,=3i+4j-4k

i j k
-3 4 -4/ =16i-17j-5k
21 3

CHECK YOUR GRASP

I s cross product distributive?

IS° Whatis the geometrical signification of cross product?
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10.

EVALUATE YOURSELF -5

Two vectors A and B are inclined to each other at angle 9. Which of the
following is the unit vector perpendicular to both A and B?

AxB AxB AxB AxB

7 (2) B woa 4 woa

A-B ABsin6 ABsin6

What is the torque of the force, when F=2i-3j+4k newton acts at the point

(1) sin @

T =3i+2j+3k metre about the origin?
(1) 6i—6j+12k (2) 17i-6j-13k (3) -6i+6j—12k (4) —17i+6j+12k

If | AxB|=0, which of the following is not possible?

(1) Either A or B is zero (2) Angle between A and B is zero
(3) Angle between A and B is 90° (4) Angle between A and B is 180°

The adjacent sides of a parallelogram are represnted by co-initial vector 2i +3;

and { +4;. The area of the parallelogram is

(1) 5 units along z-axis (2) 5 units in x-y plane
(3) 3 units in x-z plane (4) 3 unit in y-z plane
What is the angle between P+(Q and PxQ?

(1) 0 (2) n/4 (3) w/2 (4) =

Which of the following is the unit vector perpendicular to A and B
AxB AxB AxB AxB
(A) ‘ABsin6 (B) “ABcos6 (©) aBsine  (P) ABcoso
Let A =iAcosO+ jAsine be any vector. Another vector B which is normal to A is

(A) iBcos 6+ jBsin® (B) iBsinf+ jBcos6

(C) iBsin6 — jBcos 0 (D) iBcos6- jBsin6
The angle between two vectors given by 6i+6j-3k and 7i+4j+4k is

cos™ (Lj cos™ (ij sin™! (ij sin™! E
(A) 08| 7 (B) 7 (©) ) © 3
A vector A points vertically upward and B points towards north. The vector

product AxB is

(A) Zero (B) Along west (C) Along east (D)Vertically
downward

Angle between the vectors (i+j) and (j-k) is

(A) 90° (B) 0° (C) 180° (D) 60°
ANSWERS

1. (2 2. (2 3. (3 4. (1) 5. (3)

6. (3) 7. (3) 8. (4 9. (2 10. (4)

GMR CLASSES -HYDERABAD



Mathematicsl Tools & Vector— Multiple Choice Questions 91

EXERCISE — 1

. dy
What is the value of —

dx at x = 2, if
y=3x>-2x+n
(1) S (2) 10
(3) 12 4) =
Find the value of integration
2
I(3X2+2X)dX
0
(1) 8 (2) 10
(3) 12 (4) 16

Find the integral of I= I xe* dx

%2

(1) eX2 +cC (2)

+c
(3) xex2+c (4) xe*+c
If the sum of two unit vectors is a

unit vector, then the magnitude of
their difference is

(1) 1 (2) 3
1

(3) NG (4) 2
91|d|=3&|bl=2, then ab can’t be
(1) 3 2) 2
(3) 6 (4) 12

@]=3&|bj=2, then [axb| can’t be
(1) 12 2) 2
(3) 3 (4) 6

Let A=iAcos0+ jA sin®, be any vector.

Another vector B which is normal to

A is:

(1) iBCOSG-‘r}BSiHG
(2) iBsin6+chose
(3) iBsinG—chosO
(4) iAcosO—jAsin®

10.

11.

12.

13.

If the vectors P=aj+aj+3k and

Q=ai-2j—k are perpendicular to
each other, then the positive value
of a is

(1) 3 (2) 2

(3) 1 4) O

The area of parallelogram formed by
the vectors &=3i-4j+k and
b=5i—6]+6k

(1) 7 (2) V104

(3) 219 (4) /497
If A is parallel to B, then
(1) AB=0

If A and B denote the sides of a
parallelogram and its area is 2 AB

(A and B are the magnitude of A and

B respectively), the angle between

A and B is
(1) 30° (2) 60°
(3) 45° (4) 120°

A vector A points vertically upwards
and B points towards North. The

vector product A x B is
(1) Zero

(2) Along east

(3) Along west

(4) Vertically downwards

If two vectors, a and b are in the

same direction, then choose the
correct alternative(s)
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14.

15.

16.

17.

18.

(1) a-=b (2) [a]=|p]

(3) a.b=0 (4) axb=0

A vector g will not change if it is

(1) multiplied by a number

(2) Rotated by an angle q

(3) Shifted parallely to the line of
vector

(4) It is not possible to produce

change in a by
mathematical operation

any

If the vector sum of ‘n’ vectors is zero,
where n > 2, then choose the correct

options

(1) All the vectors must be collinear

(2) They can be shifted to form a
polygon of n-sides

(3) All the vectors must be in same
direction

(4) The magnitude of all the vectors

must be zero
Which of the following vector(s) do
not have a definite direction
(1) (2)
(3) Position vector (4)

Which of the following can not be
possible angle(s) between two vectors

Unit vector Zero vector

Gravity

3n .
(1) 110° (2) ?radlan
i
(3) 3 radian (4) O°

If 2 is a unit vector along the

forceﬁz(ION)i, then the wrong

option is
(1) [af=1

(2) S.Junitof J is N

19.

20.

21.

22.

(3) a is dimensionless

(4) a=i

Which vector is used only to
represent a specific direction in
space

(1)
(2)
(3)
(4)

What is the magnitude of the vector

Zero vector

Unit vector

Position vector
Displacement vector

§=(4i+2j—4i%)m

(1)
(3)

10m
6m

2m
36m

(2)
(4)
If£=(6§)m and5=(83)m, then

choose the incorrect option(s)
(1)
(2)

a.b=48
axb =48k
(3) a+b= (6i+8}')m

(4) [a+b|=10m

The unit vector in the direction of
a=(4i+2j—4i%)m will be

(1) %(zhj—ﬁg)m
(414 2)-4k)m
@+j—@)

S(2i+-2K)
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EXERCISE — 2

For a particle moving along a straight
line, the displacement x depends on
time t as x=ar’ +B¢ +yt+§. The ratio

of its initial acceleration to its initial
velocity depends

(1) Only on o and B

(2) Only on B and vy

(3) Only on o and vy

(4) Only on «

A point moves along a straigth line
with retardation ‘4 which depends on

the velocity as f =4+ . Where @’ is

a constant. If the initial velocity of
point is V_. What distance does it
traverse before it stops?

2V} 2V,
— (2) —\/_

(1)
a a
@ 2 @
3a 4q

The distance (x) covered by a particle
moving on a straight line path at any
instant is given by t = ax’+bx. If the
instantaneous velocity of the particle
be v. What is the acceleration of the

particle?
(1) 2av® (2) -2 av®
(3) 2av? (4) -2 av?

The graph of variable y vs variable x

d
is as shown . The value of —yat X =

dx
2, yy 2 is
o T
1 \
: : —X
0 1 2 3 4
(1) 1 (2) Zero
(3) w (4) None of

these
The rod shown in fig starts slipping.
Find the speed of lower end if the

speed of upper end is\/E m/s when
it makes an angle 45° with the x axis

Y

—> X

(1) 1m/s (2) 2 m/s
(3) -2 m/s (4) -1 m/s

The acceleration time graph of a
particles is as shown in figure. If
initial velocity of the particle is 2m/

s its velocity at t = 2 sec will be
a

2m/s’
N
(1) 6m/s (2) 4m/s
(3) 8m/s (4) 2m/s

In the graph shown, if velocity at x =
2 mi.e. v, = 3 m/s, find velocity at x
=6 mi.e. vy,

x (m)
(1) 4m/s (2) 5m/s
(3) 6m/s (4) 8 m/s

In the graph drawn, find acceleration
atx=2m

20&
x (m)

T3 4 6 8 10
(1) 32 m/s? (2) -32 m/s?
(3) 8 m/s? (4) -8 m/s?
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9. If ,=yx%+2x is equation for velocity 3
1| —
(v) of a particle as a function of its (1) Cos /50
position (x). Find accelerationat x =
lm 5
(1) 1 m/s? (2) 2 m/s? (2) Cos™'| 7=
(3) 4 m/s? (4) 8 m/s? 30
10. The vector of length [ is turned 4
through the angle 6 about its tail. (3) Cos™ T
What is the change in the position 50
vector of its head? 12
(1) lcos (06/2) (2) 2lsin (0/2) (4) Cos’!| 7=
(3) 2lcos (6/2) (4) lsin (6/2) V30
11. If ab=0and ‘QXB‘:I then 16. Vector A = iis rotated in anticlock
- wise direction by an angle 45°, the
(1) d&bmust be perpendicular vector A becomes equal to
(2) & and b must be perpendicular o ) |
- T oo
unit ve(jtors (1) i+j (2) \/5(1+J )
(3) a and b must be parallel A oA .
- (3) i—j (4) Remains
(4) a and b must be parallel unit
same
vectors .
- 17. If d=ai—2]+ki llel
12. If d+b=¢ anda =2, b =3 and c = 4, d=ai=2j+k1s paralle
- tob=3i+pj-k th d
then ‘6—b+5‘ is equal to °b 3l.+ﬂ] k ¢ o and j are
respectively
(1) 4 (2) 6 (1) 3,2 (2) 2,3
(3) 8 (4) None of (3) _3, 2 (4) _2, 3
‘these ] ) 18. Following forces start acting on a
13. Which of the following is false? particle at rest at the origin of the
(1) \a+f)|g2 coordinate system simultaneously
(2) |a+bp2 (3) |a-bi<2 F= —4i-5j+5k E,= 5i+8j+6k
(4) all .the statements in 1, 2 & 3 133= _3{+4j_71; 134= 2{_33_21;
option Then the particle will
14. Which of the following sets of en the particie will move
dlsplagements m1ght be c.apablf.: of (1) In X - Y plane
returning a car to its starting point
(2) InyY-2z
(1) 4, 6,8 and 15 3) In X - Z ol
(2) 10, 30, 50 and 120 km (4) o X - 2 plane
(3) 5, 10, 30 and 50 (4) Along X axis
(4) 40, 50, 75 and 200 km
15. If A = 4i-2j+6k and B = i—2j-3k,
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EXERCISE — 3

1. A and B are two vectors and ¢ is the

angle between them, if

\AxB|=\/§(A.}§) the value of ¢ is:
[CBSE 2007]

(1) 9o0° (2) 60°

(3) 45° (4) 30°

Three forces acting on a body are

shown in the figure. To have the

resultant force only along the y-

direction, the magnitude of the

minimum additional force needed is
(CBSE 2008)

(1) V3N
3

(3) 1.5N (4) T1\11

A particle of mass m is projected with
velocity v making an angle of 45° with
the horizontal. When the particle
land on the level ground the
magnitude of the change in its
momentum will be (CBSE 2008)

(1) Zero (2) 2mv
(3) mv/ 2 (4) mv
Six vectors, 3 to f have the

magnitudes and directions indicated
in the figure. Which of the following
statements is true? (CBSE 2010)

a 15 <,

¢ o= N
(1) d+é=f (2)
(3) b+c=f1 (4)

lopt]

J’_
+

!
I
—hl k)

[oN}
Ol
Il

If vectors A:cosmtf+sinmt} and

- ot . otx .
B=COSTI+SIH7J are functions of

time, then the value of t at which
they are orthogonal to each other is:

(AIMPT 2015)

T
(1t=0 @) t=7-
3 t=T 5=l
(@) t=5- (4) t=—
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EXERCISE — 4

Questions with Assertion and Reason

(1)
(2)

(3)
(4)

1.

If both Assertion and the Reason are true and the Reason is a correct
explanation of the Assertion.

If both the Assertion and the Reason are true but the Reason is not a correct
explanation of the Assertion.

If the Assertion is true but the Reason is false.

If both the Assertion and the Reason are false.

Assertion: The perpendicular vector of (7 + j+£k) is (i —2j+k).

Reason: Two vectors are perpendicular if their dot product is equal to zero.
Assertion: When |P+(Q|=| P—(/|, then p must be perpendicular to .
Reason: The relation holds only when Q is null vector.

Assertion: If the sum of the two unit vectors is also a unit vector, the magnitude
of their diffrence is root of three.

Reason: To find resultant of two vectors, we use square law.
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ANSWERS (MATHEMATICAL TOOLS & VECTOR)

EXERCISE -1
1. (2) 6. (1) 11. (1) 16. (2) 21. (1)
2. (3) 7. (1) 12. (3) 17. (2) 22. (4)
3. (2) 8. (1) 13. (4) 18. (2)
4. (4) 9. (4) 14. (3) 19. (2)
5. (4) 10. (4) 15. (2) 20. (4)
EXERCISE - 2
1. (2) 5. (2) 9. (2) 13. (2) 17. (3)
2. (3) 6. (1) 10. (2) 14. (1) 18. (2)
3. (2) 7. (2) 11. (1) 15. (2)
4. (2) 8. (2) 12. (1) 16. (2)
EXERCISE - 3
1. (2) 2. (2) 3. (4) 4. (1) 5. (4)
EXERCISE - 4
1. (1) 2. (3) 3. (3)

GMR CLASSES -HYDERABAD
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HINTS AND SOLUTIONS

EXERCISE - 1 20. [a| =16+ 4+16m = 6m
1. Qj—‘l=6x—2 g
22. - a_ﬁ
.'.atX=2;j—§=10

2. Q T(3X2+2X)dX=[X3+X2:|§ =12

0
X2
3. Let e& =t
2
so2xe® dx =dt

2 dt
S Xe =—




